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We investigate how the time dependence of the Hamiltonian determines the occurrence of Dy- 
namical Localization (DL) in driven quantum systems with two incommensurate frequencies. If 
both frequencies are associated to impulsive terms, DL is permanently destroyed. In this case, we 
show that the evolution is similar to a decoherent case. On the other hand, if both frequencies 
are associated to smooth driving functions, DL persists although on a time scale longer than in 
the periodic case. When the driving function consists of a series of pulses of duration o, we show 
that the localization time increases as as the impulsive limit, ct ^ 0, is approached. In the 
intermediate case, in which only one of the frequencies is associated to an impulsive term in the 
Hamiltonian, a transition from a localized to a delocalized dynamics takes place at a certain critical 
value of the strength parameter. We provide an estimate for this critical value, based on analytical 
considerations. We show how, in all cases, the frequency spectrum of the dynamical response can 
be used to understand the global features of the motion. All results are numerically checked. 

PACS numbers: PACS: 05.45.+b, 03.65.-w, 24.60.Lz, 72.15.Rn 
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I. INTRODUCTION 

Dynamical Localization (DL), discovered numerically 
in 1979 [Q , has attracted a great deal of attention after its 
experimental realization in samples of cold atoms inter- 
acting with a far-detuned standing wave of laser light . 
When the light field is switched on and off periodically, 
the system can be modeled by the Kicked Rotor Hamilto- 
nian in a regime in which quantum effects are important 
1^, ^. This notable series of experiments confirmed pre- 
vious expectations regarding DL in periodically driven 
quantum systems. More recently, it has been reported ||] 
that the addition of a second driving frequency, incom- 
mensurate with the first, results in the destruction of DL 
in the experimentally accessible time scale. The impor- 
tant conceptual issue of whether the addition of a second 
incommensurate frequency permanently destroys DL or 
just causes a substantial increase in the localization time, 
cannot be resolved experimentally. On the other hand, 
numerical experiments alone are intrinsically unable to 
distinguish between a very large increase in localization 
time and an effective suppression of DL. Thus, some the- 
oretical insight on DL for non-periodically driven systems 
is presently required in order to provide an answer to this 
kind of questions. 

Most theoretical work on the subject has dealt with 
the special case of periodically driven systems [|[ 0| . In 
comparison, little is known on the quantum dynamics of 
driven systems when the external field is not periodic. In 
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this work we present a basic theoretical framework which 
may lead to a deeper understanding of DL and quantum 
diffusion in quasiperiodic systems. Our approach focuses 
in the relation between the density of the Fourier spec- 
trum of the dynamical response and the localized or dif- 
fusive character of the quantum motion. As we shall see, 
the importance of the impulsive or non-impulsive char- 
acter of the driving has been underestimated in the past, 
since it is at least as important for DL as the number of 
independent frequencies in the Hamiltonian. Our conclu- 
sions are supported by numerical simulations of several 
characteristic systems. 



In Section II, a Kicked Rotor with two driving fre- 
quencies is introduced and it is shown that DL is impos- 
sible in this system unless the frequencies are commen- 
surable. We also introduce here an energy balance which 
will be of g reat importance in the following sections. In 
Section III, a quasiperiodic driven rotor without impul- 
sive terms in the Hamiltonian is discussed. It is shown 
that, in this kind of systems, DL takes place for arbi- 
trary driving strengths provided that the classical analog 
is chaotic. In Section [V, an intermediate system, the 
modulated Kicked Rotor, is considered in detail. In this 
kind of multi-frequency systems, one driving frequency is 
associated with the impulsive term and the other with a 
smoothly varying modulation factor. This system has a 
transition, from localized to diffusive dynamics, for kick- 
ing strengths above a certain threshold. We show how 
this transition can be understood within our theoreti- 
cal framework and provide a concrete estimate for the 
threshold value for the particular example that we con- 
sider. Finally, in Section |^ we present a unifying discus- 
sion of these results and summarize our conclusions. 
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II. TWO-FREQUENCY QUANTUM KICKED 
ROTOR 



Let us consider a Quantum Kicked Rotor (QKR) to 
which a second series of periodic delta-kicks is apphed. 
External kicks occur at times t — nTi and t = mT2 
respectively (n, m integers) and we write the Hamiltonian 
as 



H = 



21 



cos ( 



Ki ^ S{t - nTi) + K2Y^ S{t - mT2) 



n=l 



m— 1 



where / is the moment of inertia of the rotor, P the 
angular momentum operator and Ki {K2) the strength 
parameter for the series of kicks of periods Ti {T2). The 
rational or irrational character of the ratio r — T2/T1 
determines whether the Hamiltonian (|l|) is periodic or 
quasi-periodic. 

In the angular momentum representa- 
tion, P\() = lh\ti, the wavevector is 
— '^^(^)l^) ^'^d average energy 
is E{t) = mH\^) = YZ^ooEtW{t)\\ where 
El = i'^h^ /2I are the eigenvalues of P"^ /2I. As in the 
case of the QKR, a quantum map 



E 

j=-co 



is readily obtained from the Hamiltonian (Q). In Eq. (||), 
we refer to the instant immediately after the n*"^ kick 
as tn and to the time interval between two consecutive 
kicks as At„ = tn+i — tn- The argument of the fc*'* order 
cylindrical Bessel function, Jfc, is the dimensionless kick 
strength k„ = Kn/h which, for this system, takes only 
the two values {Ki/h or if 2/^) depending on the kind of 
the {n+iy^ kick. We will use T = Ti as the unit of 
time. 

After a straightforward calculation involving the map 
(^, the energy increase due to the (n + 1)*'' kick can be 
expressed as 



Bin + 1) - E{n) = — 



— + r 



(3) 



with r.n 



2K„Xm ^ (i + ^)aj(<n)a*+i(in) 

3 = -oc 

2 ^ 



] = -oo 



The ensemble average of Eq. (||) is proportional to the 
diffusion rate in angular momentum, Z)„ = AP,^ / T, 
if the kick number n is used as a measure of time. The 
amplitude-independent term in Eq. (H) corresponds to 
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FIG. 1: Energy (in units of h?/2I) as a function of the liick 
number, n, for tlie two-frequency quantum Kicked Rotor. The 
evolution was generated from the map with k = 3.279 and 
^ = 1.525. Two values of the period ratio r = T2/T1 are shown: 
r = 3/2 (thick line) and r = \/2 (thin line). The dashed line 
corresponds to the quasi-linear approximation, Eq. (Jaj. The initial 
state was taken to be |<? = 0). 



the quasi-linear approximation to the classical diffusion 
coefficient M, 



(5) 



where k?- stands for the average value of k^. The re- 
maining terms, grouped as r„ in Eq. (||), depend on the 
wavevector {a^} and on the time interval between kicks. 
In sum, the energy balance in Eq. (^, contains two qual- 
itatively different terms: one due to classical diffusion 
and the other (r„) associated to quantum interference 
effects. 

If the terms in r„ have random phases, the sums are 
decoherent, and thus have negligible mean values. There- 
fore, r„ = and the system mimics a classical evolution, 
and the average energy increases linearly with the num- 
ber of kicks with a slope given by (||). On the other hand, 
when DL takes place, the average value of the sums in 
r„ must cancel out the independent term in Eq. (^) , so 
Tn = — K^/2. This can happen only if these sums are 
coherent. Thus, the long time persistence of correlations 
among the amplitudes a^, taken at a given time, is a nec- 
essary condition for DL to take place. We emphasize this 
rather obvious fact because it plays a fundamental role 
in the discussions in the rest of this paper. 

We have performed a numerical study of the two- 
frequency quantum Kicked Rotor, described by the 
map (^) with K\ = K2. We write the two dimensionless 
parameters of the standard QKR model as k = Kjfi and 
^ = hT/I. The period ratio, r = T2/T1, is an additional 
parameter present in the two-frequency version. 
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FIG. 2: Energy (in units of /2I) as a function of the l<ick 
number, n, for the Random Rotor defined in the text (thicl< fine) 
and the two-frequency Kiclsed Rotor with r = \/2 (thin line). The 
dashed hne. parameters, and initial conditions are the same as those 
in Figure hi 

In Figure |l|, we show the evolution of the energy of 
the rotor for a rational and irrational ratio of the two 
periods r = T2/T1. In the first case, the behavior is 
similar to the usual one-frequency Kicked Rotor and the 
energy initially increases in a diffusive way and then, af- 
ter a characteristic time, it localizes. In the second case, 
the results strongly suggest that the diffusive behavior 



continues indefinitely and that in this case dynamical lo- 
calization does not take place. In fact, we have checked 
that the energy increases at a rate consistent with the 
quasi-linear approximation to the classical diffusion co- 
efficient, Eq. (||), for at least lO"* kicks (see Figure 

The results obtained for rational r could be expected 
because, in this case, the system is equivalent to a Kicked 
Rotor with a periodic train of pulses. For an irrational 
r, our results can be better understood by considering a 
Random Rotor, defined as a Kicked Rotor for which kicks 
of fixed strength k are applied at uniformly distributed 
random time intervals. In this case, the map (|^) still 
holds, but the time interval between consecutive kicks 
Ai„, is now a random variable uniformly distributed in 
[0,T]. In Figure I we compare the long time evolution of 
the average energy of this Random Rotor with the corre- 
sponding quasiperiodic Kicked Rotor. The evolution of 
the energy is essentially the same in both cases and this 
suggests that the underlaying dynamics is very similar. 

In the case of the quasiperiodic QKR, the time se- 
quence At„ is obtained from a systematic rule, once the 
period ratio r has been specified. In spite of this, all time 
intervals in this sequence occur only once and as n — + cxd 
the values of At„ are dense and uniformly distributed in 
[0,T], as is the case for random time intervals. In both 
cases, numerical results confirm that r„ s:! and that 
classical-like diffusion takes place indefinitely. The effect 
of these time intervals on the dynamics can be made more 
explicit by rewriting the map (|^) in terms of the initial 
condition. 



This expression can be applied to any of the systems 
discussed so far (periodic, quasiperiodic and random). 
The only difference between the localized and the diffu- 
sive cases is in the sequence of time intervals, At„. In 
the familiar periodic case, when all time intervals are 
the same, it is well known that the amplitudes ai are 
exponentially localized. When they are substituted in 
Eq. (|^) a coherent sum results in r„, which, as men- 
tioned before, cancels on the average the classical diffu- 
sion coefficient and results in a null mean energy increase. 
On the other hand, in the quasiperiodic case, the phases 
~I I]m=\ Ej,^Atjn (mod 27r), appearing in Eq. d), form 
a dense, pseudorandom set in [0, 27r]. When the result- 
ing amplitudes, a^, are substituted in Eq. (^), they result 
in a negligible decoherent sum in r„ and the classical 
diffusion coefficient is obtained. 

It is interesting to remark that the previous discussion 
could have been expressed equally well in terms of the 



Fourier frequencies associated to the dynamics. In the 
quasiperiodic case, the time intervals between consecu- 
tive kicks are of the form 

2tt 

Atn = \pTi - qT2\ = \puj2 - qoJi\ (7) 

UJ1UJ2 

where p and q are arbitrary integers and 0^1.2 = 27r/Ti^2- 
These time intervals are dense in [0, T]. The correspond- 
ing frequencies, ujpq = \puj2 — qtoi\, also form a dense 
set in [0,0^2]. In other words, all frequencies are relevant 
for the dynamics and the time evolution of the energy 
mimics the classical chaotic diffusion, because the aver- 
age separation between adjacent frequencies, Ato is null. 
It is well known that in the periodic QKR, DL is related 
to the discrete nature of the quasienergy spectrum or, 
equivalently, to the frequency spectrum of the dynamical 
response. In fact, this spectrum is discrete is spite that a 
classical chaotic system has a continuous frequency spec- 



4 



trum. However, due to the Uncertainty Principle, this 
discreteness does not manifest itself until a finite time of 
the order of l/Aw, where Aw is the average separation 
between adjacent frequencies. For shorter times, the dy- 
namical evolution "mimics" classical diffusion, i.e. quan- 
tum diffusion takes place. At larger times, for which the 
discrete nature of the spectrum becomes manifest, the 
motion is exponentially localized . A similar argument 
for the quasiperiodic two-frequency Kicked Rotor leads 
us to conclude that in this case, in which Aw = 0, the lo- 
calization time is infinite or, alternatively, that the addi- 
tion of a second incommensurable frequency permanently 
destroys DL in impulsive systems, such as the QKR. 



III. NON-IMPULSIVE SYSTEMS 

In the previous section, we have shown that quantum 
diffusion takes place for ever in a quasiperiodic Kicked 
Rotor in which the driving function has two impulsive 
components. In this section, we consider the diffusive 
properties of smoothly driven quantum systems with two 
frequencies uji and 

As an example, consider a rotor in which the driv- 
ing force consists of two series of periodic narrow pulses. 
Such a system is described by the Hamiltonian 

H = ^+cose[Kihit)+K2f2{t)], (8) 

where fi{t) = fi{t+Ti) and f2{t) = f2{t+T2) are smooth 
periodic functions of time. If r = T2/T1 is rational, the 
Hamiltonian is periodic and DL is expected to occur. 
If r is an irrational number, recent experimental results 
lH show that DL is destroyed or at least the localization 
time is increased by an order of magnitude. In view of the 
discussion of the previous section, one might expect that 
unlimited diffusion would result also in this case. How- 
ever, as we show below, DL persists in the quasiperiodic, 
non-impulsive case. 

In order to fix ideas, we specify each of the driving 
functions as a periodic sequence of Gaussian pulses of 
characteristic width cr, so that for s = 1, 2 



fs{t) 



1 



I2n 



00 

E < 

1— — 00 



(9) 



Without loss of generality we choose $1 = and $2 = 
Thus, the driving function in consists of a super- 
position of pulses of strength Ks which occur at times 
Ti, 2Ti, ... and $ + T2, $ + 2T2, ... In the limit cr 0, 
the pulses reduce to delta functions and the Hamiltonian 
reduces to (]l|) , describing a two-frequency kicked ro- 
tor. As discussed in Section II, if r is irrational, this 
system shows diffusion for ever. 

At this point, there is one important difference to bear 
in mind: in the classical Kicked Rotor, it is well known 
that for large K (in practice, K suffices) all KAM 
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FIG. 3: Kinetic energy innits of f? jll) of the quantum Forced 
Rotor described by Eq. (M) with gaussian driving functions given 
by Eq. (ti). Three characteristic pulse widths are shown: upper 
panel ajT = 0.05, medium panel cr/T = 0.03 and lower panel 
cr/T = 0.01. The other parameters are fixed at ki = K2 = 3.279 
and ^ = 1.525. The thick hnes correspond to the periodic case with 
r = 3/2, the thin lines to the quasiperiodic case with r = \pi and 
the dashed lines to the energy increase predicted by the quasilinear 
approximation to the classical diffusion coefficient, Eq. (Bl). In all 
cases, the initial state was a Gaussian packet in the momentum 
representation, centered at ^ = 0. 



surfaces are destroyed and the energy increase is un- 
bounded |§ In contrast, for finite cr, the momentum 
spread is limited by the existence of KAM surfaces for all 
values of K. However, this upper bound in momentum 
space increases with K in a predictable form ||l^. We 
have checked that the classical phase space accessible in 
the time scales considered here is completely chaotic, so 
that these KAM boundaries do not affect our results. 

The Schrodinger equation for the Hamiltonian (^) can 
be expressed in the angular momentum representation as 



iE i 



-i) = 0. 
(10) 



We have numerically integrated this equation and cal- 
culated the average energy as a function of time, for a 
small (but finite) pulse width a. Our results are shown 
in Figure ||, for several values of a. As expected, they 
depend strongly on the rational or irrational character of 
the ratio r — T2/T1. In the case of two commensurable 
frequencies (periodic driving) the rotor localizes after a 
few kicks. When the two frequencies are incommensu- 
rate, the system also localizes but in a much longer time 
scale. The persistence of DL found here is in striking 
contrast with the case of impulsive driving discussed in 
Section II. The localization time for quasiperiodic driv- 
ing increases as cr —> 0, approximately as cr~^. We ex- 
plain this dependence below, but here we note that the 
localization time becomes infinite in the impulsive limit. 
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We can understand these results by consider- 
ing the Fourier transform of the driving function 
fit) = nifi{t) + ^2/2(0, given by 



Fiu;) 



00 

Ki 6{lj — mtoi) 

m— — 00 

00 



^2 ~ ^^2) 

n— — 00 



(11) 



The dynamical response which emerges from Eq. (0) 
involves the differences of the frequencies in the 
Fourier spectrum of the driving function f(t), that is. 

— \ni-02 — rnujil. We have previously introduced 
these frequencies in Eq. (^). As cr ^ and the Gaussian 
modulation factor in (111) becomes unity, all harmonics 
of uji and uj2 are equally important in ( |ll| ) and all the 
differences uj„rn appear with equal weights in the dynam- 
ical response. In this case, the frequency spectrum of the 
response is dense and there is no DL (see Figure |^) . For 
finite cr, the Gaussian modulation factor effectively sup- 
presses all high harmonics (w > l/u) from the Fourier 
spectrum of the driving function. Then, only a finite 
number of linear combinations tOnm are important in the 
dynamical response, so the spectrum is effectively dis- 
crete and DL takes place. 

The above mentioned dependence of the localiza- 
tion time can be understood recalling that, according to 
the argument presented at the end of Section II, this 
time is inversely proportional to the average separation 
between adjacent frequencies, Auj. This quantity is in- 
versely proportional to the number of significant frequen- 
cies, uJnm, that appear in the dynamics of the system. 
Then, the localization time is proportional to this num- 
ber of relevant frequencies. Since only ~ l/cr harmonics 
of each fundamental frequency enter in the dynamics, the 
number of significant frequencies, Wnm, and the localiza- 
tion time, both increase as 1/cr^ as cr is reduced. We note 
that a similar argument has been used in the context of 
periodically driven systems to establish the proportional- 
ity of the localization time to the number of quasienergies 
which participate in the dynamics 0|. 

Another example of a non-impulsive, driven quantum 
system is provided by a particle confined in an infinite 
square well with a periodically changing width, L{t). 
This system, known as the Fermi Accelerator, shows DL 
when its classical counterpart is chaotic |ll, 12 1. We have 
considered a quasiperiodic version of this system in the 
context of Nuclear Dissipation Theory and found that 
the localization time increases by an order of magnitude 
but DL still takes place ^ . An analysis completely 
analogous to the one presented above explains the persis- 
tence of DL in the quasiperiodic Fermi Accelerator as a 
consequence of the discreteness of the effective frequency 
spectrum of the dynamical response. 
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FIG. 4: Energy (iri iinits of jll) of the modulated Quanturn 
Kicked Rotor, Eq. ([12), as obtained from the quantum map (21) 
for K — n given by Eq. (|l3[). The thick line corresponds to the 
periodic case with r = 3/z and the thin line to the quasiperiodic 
case with r = \/2. The initial state is the ground state of the 
unperturbed system, \l = 0). The dashed line has a slope given by 
the quasilinear approximation to the classical diffusion coefficient, 
Eq. (^), with the average kicked strength from Eq. ( p^ ) . The other 
parameters are ft = 13.114 and § = 1.525. 



IV. MODULATED KICKED ROTOR 

In Section II, we have considered a Kicked Rotor driven 
by two impulsive driving functions of different frequen- 
cies and showed that DL docs not take place when the 
frequency ratio is irrational. In contrast, in Section III, 
we presented two examples of smoothly driven quasiperi- 
odic systems in which DL persists, although in a longer 
time scale than in the periodic case. We now consider an 
intermediate case in which the driving function has two 
frequencies but only one of them has an impulsive char- 
acter, while the other one is associated with a smooth 
function of time that multiplies the impulsive term. 

Two examples of such systems have been discussed in 
p^ , |l6j. Here, we consider a simple periodic modulation 
so that the rotor is described by the Hamiltonian 



H = — + Kcos6cos^{2T:t/T2)^5{t-nTi). (12) 

n=l 

which corresponds to a Kicked Rotor with a fixed interval 
T = Ti between kicks and a kick strength modulated by 
a function of period T2. We refer to the quantum version 
of this system as the modulated Quantum Kicked Rotor. 
The map (H) is still valid in this case if the time dependent 
kick strength is redefined as 



Kn = KCOS^(27rn/r). 



(13) 



The evolution of the energy, obtained by iterating the 
map (||) for the first 2000 kicks, is shown in Figure |[ For 
rational r, the energy localizes as expected, since in this 
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FIG. 5: Energy (units of Tt?" jll') for the modulated Quantum 
Kicked Rotor as a function of kick number, n, for three differ- 
ent kick strengths: (a) k = 3.28, (b) ft = 6.56 and (c) k = 13.11. 
The scale parameter has been fixed at ^ = 1.525. In all cases, the 
dashed line corresponds to the quasilinear approximation to classi- 
cal diffusion. In the right panel, the long time behavior (note the 
log-log scales) is given. In the left panel, the detailed short-time 
evolution corresponding to the boxed region in the right panel is 
shown in a linear scale. 



case the system is periodic and equivalent to a QKR. Lo- 
calization is broken in the quasiperiodic case (irrational 
r) and, in what follows, we will focus our attention in 
this case. The dashed line in Figure ^ corresponds to 
the quasilinear approximation to the diffusion coefficient, 
Eq. (H) calculated for the average value of the squared 
kick strength, 



N 
n=l 



(14) 



The quantum diffusion, shown in Figure ^, takes place at 
a slower rate that the classical one. The reason for this 
slower quantum diffusion rate will soon become apparent. 

As shown in the left panel of Figure ||, for small val- 
ues of K the dynamics is localized. As n is increased, 
the evolution of the energy shows a transition between a 
localized and delocalized dynamics. There is some criti- 
cal value such that for k < Kcrit, DL takes place after a 
characteristic time, but for n > Kcrit quantum diffusion 
persists for very long times. We have checked that the 
diffusion continues for at least 10** periods. Furthermore, 
as K 3> Kcrit the diffusion rate approximates the classical 
one. In fact, the same diffusion rate is obtained for a se- 
ries of kicks of random strengths, obtained by replacing 
the ratio t/T2 in Eq. ( [l^ ) by a uniform random variable in 
[0, 1]. This kind of transition, between a localized and a 
delocalized regime, has been reported in connection with 
other versions of the modulated Kicked Rotor |l^ . 

The existence of this transition, as well as the fact that 
the quantum diffusion rate is lower than the classical one. 



can both be understood from a detailed inspection of 
the map (^). We start by noting that since in this case 
Ai„ — T, the only time dependence in the coefficients 
in the rhs of (H) appears in the argument of the Bessel 
function. The frequencies introduced in the dynamics by 
this time dependence can be made explicit by recalling 
the definition of the Bessel function 



1 



*:=0 



k\i 



k)\ 



2k+v 



(15) 



If the complex form of Eq. ( [1^ ) for k„ is substituted in 
Eq. (15), a series of the form X]p "^p^*^"* obtained, in 
which the coefficients Cp decay at a rate which depends 
on K. When this series expansion for Ji, is substituted in 
Eq. (|^) , after n kicks each frequency will introduce n har- 
monics in Eq. (|^) . More generally, if there are q relevant 
frequencies in Eq. (p^), they introduce frequencies in 
Eq. (H). Furthermore, when the energy is calculated from 
Eq. (||), these frequencies produce phases that interfere 
between themselves giving rise to a localized or delocal- 
ized dynamics, depending on the value of k. An estimate 
of the critical value, Kcrit, can be obtained by compar- 
ing the average over several kicks, k„/2, appearing in 
Eq. (|l5|), with unity, so that Kcrit ~ 4. 

This value is consistent with our numerical observa- 
tions, as implied by Figure ||. When k > 4, many fre- 
quencies are present with non-negligible amplitudes in 
the Bessel function ([Tsl). These frequencies result in a 
dense response spectrum when they are "amplified" in 
Eq. (^). In this case the sums in Eq. (^ are incoher- 
ent, r„ w and quantum diffusion takes place at a rate 
that gradually approaches the classical one as k is in- 
creased. On the other hand, if k becomes smaller, the 
amplitudes decay faster, fewer frequencies are rele- 
vant in Eq. ( |l5| ) and the response spectrum has a smaller 
density. This produces quantum diffusion at a reduced 
rate as compared to the classical rate. At some value 
K < 4, there is a qualitative change in the dynamics as 
the response spectrum undergoes a topological change 
from dense to discrete. Then, the sums in Eq. (||) are 
coherent, f „ — —k^ /2 and DL takes place. 



V. CONCLUSIONS 

All the results presented in this work can be under- 
stood in terms of the general argument presented in the 
last paragraph of Section II, based on Heisemberg's Un- 
certainty Principle. According to it, a time of the order 
of 1/Aw is required in order to resolve a separation Aw 
in the frequency domain. In particular, when the dynam- 
ical response has a dense frequency spectrum, Acj — > 0, 
and the quantum system mimics classical diffusion for 
arbitrarily long times. The concrete mechanism result- 
ing in the destruction of DL can be seen in the energy 
balance, Eq. (||), introduced in Section II. In the case of 
a dense frequency spectrum, the interference term of this 
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equation is a decoherent sum of null mean value. On the 
other hand, when the response frequency spectrum has a 
discrete character, this sum is coherent and accounts for 
DL, as in the QKR. 

We have considered three different kinds of quasiperi- 
odically driven systems in Sections II to IV. The differ- 
ences in their dynamics can be understood in terms of the 
dense or discrete character of the frequency spectrum of 
the dynamical response. 

In the two- frequency Kicked Rotor, considered in Sec- 
tion II, the time intervals between kicks form a dense set 
and this produces a dense frequency spectrum in the re- 
sponse. Thus, this system never localizes. In smoothly 
driven quasiperiodic systems, such as the rotor driven 
by pulses of duration cr, discussed in Section III, the ef- 
fective frequency spectrum has a discrete character. We 
have shown that the average separation between frequen- 
cies. Aw, is in this case proportional to . Then both, 
the number of relevant harmonics and the localization 
time, increase as as the impulsive limit cr — > is 

approached. In the intermediate case of a Modulated 
Kicked Rotor, presented in Section the character of 
the response spectrum depends on the kick strength pa- 
rameter K. As we have discussed, this parameter deter- 
mines the number of significant linear combinations of 
the fundamental frequencies that appear in the dynami- 



cal response. This explains the existence of a threshold 
(j^crit ~ 4) below which DL takes place. For k ^ Kcrit-, 
the diffusion rate approaches the classical one. 

To conclude, we have established that quasiperiodi- 
cally driven systems may delocalize even in the absence 
of coupling with its environment. This is possible when 
they are driven by impulsive terms with two or more 
incommensurate frequencies. The additional incommen- 
surate frequencies act as a substitute for the coupling to 
a noisy environment. Furthermore, we have shown that a 
strong causal connection exists between DL and the den- 
sity of the dynamical response spectrum. This spectrum 
can be used to characterize the dynamics in an analogous 
form as the quasienergy spectrum in periodically driven 
systems. Finally, we have shown that the impulsive or 
smooth character of the driving terms of the Hamilto- 
nian is as important for DL as the rational or irrational 
character of the frequency ratio. 

Further work is required in order to understand how 
this considerations can be extended to accommodate, for 
example, interactions with the environment. 
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